
CAL I: LIMITS & INTEGRALS

Limits:

● Limit Properties

o
𝑥→𝑎
lim  [𝑐⋅𝑓(𝑥)] =  𝑐⋅

𝑥→𝑎
lim  𝑓(𝑥)

o
𝑥→𝑎
lim  [ 𝑓(𝑥) ± 𝑔(𝑥) ] =  

𝑥→𝑎
lim  𝑓(𝑥) ± 

𝑥→𝑎
lim  𝑔(𝑥)

o
𝑥→𝑎
lim  [ 𝑓(𝑥)⋅𝑔(𝑥) ] =  

𝑥→𝑎
lim  𝑓(𝑥)⋅

𝑥→𝑎
lim  𝑔(𝑥)

o
𝑥→𝑎
lim  [ 𝑓(𝑥)

𝑔(𝑥)  ] =  𝑥→𝑎
lim  𝑓(𝑥)

𝑥→𝑎
lim  𝑔(𝑥)    𝑖𝑓 

𝑥→𝑎
lim  𝑔(𝑥) ≠ 0

o
𝑥→𝑎
lim  [ 𝑓(𝑥) ]𝑛 =  [ 

𝑥→𝑎
lim  𝑓(𝑥) ]𝑛

● Continuity Test – Used to determine if a function is continuous at a point.

1. 𝑓(𝑐) 𝑒𝑥𝑖𝑠𝑡𝑠
2.

𝑥→𝑐
lim  𝑓 𝑥( )𝑒𝑥𝑖𝑠𝑡𝑠,   𝑠𝑜 

𝑥→𝑐 −
lim  𝑓 𝑥( ) =  

𝑥→𝑐 +
lim  𝑓 𝑥( )

3.
𝑥→𝑐
lim  𝑓(𝑥) =  𝑓(𝑐)

o Example: Determine if is continuous at x=1.𝑓 𝑥( ) = 𝑥2 + 2𝑥 − 6

▪ 𝑓 1( ) = 1( )2 + 2 1( ) − 6 =− 3

▪ 𝑥2 + 2𝑥 − 6 =− 3 

▪ 𝑥2 + 2𝑥 − 6 =− 3 
▪ The limit exists at x=1 because .

𝑥→𝑐 −
lim  𝑓(𝑥) =  

𝑥→𝑐 +
lim  𝑓(𝑥)

▪ The function is continuous at x=1 because .
𝑥→1
lim  𝑓 𝑥( ) =  𝑓 1( )

Integrals:
● Definition – The sum of infinitely many, infinitesimally small areas.

o
𝑎

𝑏

∫ 𝑓 (𝑥) 𝑑𝑥  =  
𝑛→∞
lim  

𝑘 = 1

𝑛

∑ 𝑓 (𝑥
𝑘
) Δ𝑥 

o 𝑤ℎ𝑒𝑟𝑒 Δ𝑥 =  𝑏 − 𝑎
𝑛  𝑎𝑛𝑑  𝑥

𝑘 
= 𝑎 +  𝑘⋅Δ𝑥

● Integral Properties

o
𝑎

𝑎

∫ 𝑓 𝑥( )𝑑𝑥  =  0

o
𝑏

𝑎

∫ 𝑓 𝑥( )𝑑𝑥  =  −
𝑎

𝑏

∫ 𝑓 𝑥( )𝑑𝑥 

o
𝑎

𝑏

∫  𝑐⋅𝑓 𝑥( )𝑑𝑥  =  𝑐⋅
𝑎

𝑏

∫ 𝑓 𝑥( )𝑑𝑥 

o
𝑎

𝑏

∫[ 𝑓 (𝑥) ± 𝑔(𝑥) ] 𝑑𝑥  =  
𝑎

𝑏

∫ 𝑓 (𝑥) 𝑑𝑥  ± 
𝑎

𝑏

∫ 𝑔(𝑥) 𝑑𝑥 



o
𝑎

𝑏

∫ 𝑓 (𝑥) 𝑑𝑥  +  
𝑏

𝑐

∫ 𝑓 (𝑥) 𝑑𝑥 =  
𝑎

𝑐

∫ 𝑓 (𝑥) 𝑑𝑥

● Fundamental Theorem of Calculus
o If f(x) is continuous on [a,b] and F ‘(x) = f (x):

▪ 𝐹 '(𝑥) =  𝑑
𝑑𝑥

𝑎

𝑥

∫ 𝑓 (𝑡) 𝑑𝑡  =  𝑓 (𝑥)

▪
𝑎

𝑏

∫ 𝑓 (𝑥) 𝑑𝑥  =  𝐹(𝑏) −   𝐹(𝑎)

● Integration by Substitution

o
𝑎

𝑏

∫[ 𝑓 (𝑔(𝑥))⋅𝑔'(𝑥) ] 𝑑𝑥  =  
𝑔(𝑎)

𝑔(𝑏)

∫ 𝑓 (𝑢) 𝑑𝑢 

o 𝑤ℎ𝑒𝑟𝑒 𝑢 =  𝑔(𝑥) 𝑎𝑛𝑑 𝑑𝑢 =  𝑔'(𝑥) 𝑑𝑥

o Example: Evaluate
1

3

∫ 3(3𝑥 − 1)2 𝑑𝑥

▪ Let , so .𝑢 = 3𝑥 − 1 𝑑𝑢 = 3 𝑑𝑥

▪
3 1( )−1

3 3( )−1

∫  𝑢( )2 𝑑𝑢 =
2

8

∫ 𝑢2 𝑑𝑢 = 1
3 𝑢3⎡

⎣
⎤
⎦2

8

▪ = 1
3 8( )3 − 1

3 2( )3 = 168

▪ So, .
1

3

∫ 3(3𝑥 − 1)2 𝑑𝑥 = 168

● Integration by Parts

o where∫ 𝑢 𝑑𝑣 = 𝑢𝑣 −  ∫ 𝑣 𝑑𝑢 𝑣 =  ∫ 𝑑𝑣

▪ 𝑂𝑅

o ∫ 𝑓 𝑥( ) 𝑔' 𝑥( ) 𝑑𝑥 = 𝑓 𝑥( )𝑔 𝑥( ) −  ∫ 𝑓' 𝑥( )𝑔 𝑥( ) 𝑑𝑥

o Example: Evaluate ∫ 3𝑥2 • ln 𝑙𝑛 𝑥  𝑑𝑥

▪ Let and .𝑢 = ln 𝑙𝑛 𝑥 𝑑𝑣 = 3𝑥2𝑑𝑥

▪ So, and .𝑑𝑢 = 1
𝑥 𝑑𝑥 𝑣 = ∫ 3𝑥2𝑑𝑥 = 𝑥3

▪ ∫ 3𝑥2 • ln 𝑙𝑛 𝑥  𝑑𝑥 = ln 𝑙𝑛 𝑥 • 𝑥3 − ∫ 𝑥3 • 1
𝑥 𝑑𝑥

▪ = 𝑥3 ln 𝑙𝑛 𝑥 − ∫ 𝑥2𝑑𝑥 = 𝑥3 ln 𝑙𝑛 𝑥 − 1
3 𝑥3 + 𝐶
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● Common Integrals

o ∫ 𝑘 𝑑𝑥  =  𝑘⋅𝑥 +  𝐶

o ∫ 𝑒 𝑥 𝑑𝑥 =  𝑒 𝑥 +  𝐶

o ∫ sin 𝑠𝑖𝑛 𝑥( ) 𝑑𝑥  =  − 𝑐𝑜𝑠 𝑥( ) +  𝐶

o ∫ 𝑠𝑒𝑐2 𝑥( )𝑑𝑥  = tan 𝑡𝑎𝑛 𝑥( ) +  𝐶

o ∫ sec 𝑠𝑒𝑐 𝑥( ) · tan 𝑡𝑎𝑛 𝑥( ) 𝑑𝑥  = sec 𝑠𝑒𝑐 𝑥( ) +  𝐶

o ∫ 𝑥 𝑛 𝑑𝑥  =  1
𝑛+1  𝑥 𝑛+1 +  𝐶

o ∫ 1
𝑥  𝑑𝑥  =  𝑙𝑛 𝑥| | +  𝐶

o ∫ cos 𝑐𝑜𝑠 𝑥( ) 𝑑𝑥  = sin 𝑠𝑖𝑛 𝑥( ) +  𝐶

o ∫ 𝑐𝑠𝑐2 𝑥( )𝑑𝑥 =  − cot 𝑐𝑜𝑡 𝑥( ) + 𝐶

o ∫ 𝑐𝑠𝑐(𝑥)⋅𝑐𝑜𝑡 (𝑥) 𝑑𝑥  =  − 𝑐𝑠𝑐(𝑥) +  𝐶
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